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Abstract 

We study supersymmetry of Y = 4 super Yang-Mills theory in four dimen¬ 
sions deformed in the H-background. We take the Nekrasov-Shatashvili limit of 
the background so that two-dimensional super Poincare symmetry is recovered. We 
compute the deformed central charge of the superalgebra and study the 1/2 and 
1/4 BPS states. We obtain the H-deformed 1/2 and 1/4 BPS dyon equations from 
the deformed supersymmetry transformation and the Bogomol’nyi completion of 
the energy. 
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The H-deformation of supersymmetric gauge theories has been studied extensively since it 
gives a very useful regularization to calculate the non-perturbative instanton corrections 
to the partition functions inEi. This deformation has been developed for theories with 
M = 2 supersymmetry in four dimensions [3, HI |5]. It has been generalized to the A/" = 4 
super Yang-Mills theory in four dimensions mw and also theories in various dimensions 

[9l[ini[ITl[l2]. 

The H-background is realized as a spacetime hbration over a torus with the actions 
of an abelian group. This is also obtained by the dimensional reduction from higher 
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dimensional curved spacetime compactified on torus. For this reduction it is necessary to 
introduce the R-symmetry Wilson line gauge helds along the torus in order to recover a 
part of supersymmetry. The R-symmetry Wilson lines are identihed with the contorsion 
along the torus [7]. This deformation however breaks Poincare symmetry in general and 
the deformed supersymmetry algebra takes the form of nilpotent type, which means that 
the BPS spectrum is not well-dehned. 

The Nekrasov-Shatashvili (NS) limit of the ^-background is the limit such that a part 
of the torus action is removed na. In this limit we recover the translational symmetry in 
the subspace and the supersymmetry algebra is enhanced to the super Poincare algebra. 
Then one can study the BPS spectrum based on the deformed supersymmetry. Moreover 
in the NS limit the effective two-dimensional theory has the non-trivial vacuum structure 
related to the integrable models [I311I11I5]. It will be an interesting problem how such 
integrable structure appears from the UV point of view. The BPS solitons would play an 
important role to study this integrable structure. 

For M = 2 supersymmetric Yang-Mills theory, the deformed BPS equations were 
studied in [16]. In particular the deformed monopole equations can be solved by the 
Backlund transformations as the undeformed one m- Moreover in [15] (see also [IB]), 
they proposed the non-trivial vortex solution induced by the ^-background. The purpose 
of this paper is to study deformed BPS states for f2-deformed M = 4 super Yang-Mills 
theory. This is also interesting because these BPS states play an important role for 
understanding S-duality of the f2-deformed gauge theories. 

In this paper we focus on the 1/2 and 1/4 BPS dyon equations in A/" = 4 supersymmet¬ 
ric Yang-Mills theory in the NS limit of the fl-background. In a previous paper [19] three 
of the present authors studied the deformed supersymmetry algebra in the ^-background 
as well as its NS limit. There are three types of f2-deformations which are associated 
with three types of topological twist of A/" = 4 supersymmetry [20]. These are the half 
(or Donaldson-Witten EU), the Vafa-Witten [22] and the Marcus (or generalized Lang- 
lands or Kapustin-Witten) [23] |21] twists. In the NS limit, the f2-deformations for the 
Vafa-Witten and the Marcus twists are shown to be equivalent by some identihcation. It 
turns out that only the two types of deformations are independent. One of the new and 
interesting properties in A^ = 4 theory is the 1/4 BPS states [25] (26] [2Zl EH EH EQ] EI]. 
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In this paper we will find the deformed 1/4 BPS eqnations for the Vafa-Witten twist. 
The BPS eqnations are similar to the vortex type eqnations and might have vortex type 
central charge [15]. We will calculate the central charge carefully from the deformed su¬ 
persymmetry algebra and show that there is no vortex type central charge in A/" = 4 
theory. 

This paper is organized as follows: in section 2, we review the f2-deformation of A/^ = 4 
super Yang-Mills theory. In section 3, we study deformed supersymmetry algebra in the 
NS limit and calculate the central charges. In section 4, we argue the BPS equations 
from the superalgebra and also the energy bound. Section 5 is devoted to conclusions 
and discussion. In appendix A, we summarize the notation of the Dirac matrices in four 
and six dimensions. In appendix B, we investigate the vacuum conditions based on the 
D-deformed Lagrangian. 


2 Af = 4: super Yang-Mills theory in Q-background 

2.1 Setup 


In this section, we introduce four-dimensional A/" = 4 super Yang-Mills theory with gauge 
group G in D-background. The theory is obtained by the dimensional reduction of the 
ten-dimensional M = 1 super Yang-Mills theory in the D-background metric with torsion 
|7]. We start from the M = 1 super Yang-Mills theory in general curved background 
with Euclidean signature We denote (Ad = 1,..., 10) as spacetime coordinates. 
The metric QmM is written in terms of the vielbein m as Qm-M = where 

Vmn = diag (-1-1, -|-1,..., -|-1). The capital letters M, N, P,... = 1,..., 10 are indices of 
the tangent space coordinate. The ten-dimensional A/" = 1 vector multiplet consists of the 
gauge field and the S'O(IO) spinor field T, which belong to the adjoint representation 
of the gauge group G. The action is 


‘S'lOD — 




P^x Tr 




( 2 . 1 ) 


Here k is the normalization factor for the generators of the gauge group and Qiq is the 


gauge coupling constant. e-^M is the inverse of m and e = dete^^x. The field 


^In this section we use Euclidean signature to define the P-background. In the next section, we 
perform the Wick rotation and use the Minkowski signature to study the BPS equations. 
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strength Fmn of the gauge held Am in the background with the torsion Tmn^ is dehned 
by Fmm = Fmm — TMAr''^Ap, where Fmat is the ordinary gauge held strength Fmat = 
~ Fi[AM-i ^n] ■ The Dirac matrices are dehned by the relation r^F'^ + 

pATpM _ 2ri^^ and F-^ = c-^mT^. The gauge covariant derivative is dehned by = 

VM * F'i[AM^ *]; where Vm acts on the spinors as = {pM + T. Here 

YMN ^ jg S'O(IO) local Lorentz generator and ojm,np is the spin 

connection including the torsion. 

We will consider the invariance of the action under the following supersymmetry trans¬ 
formation: 


s^Am = iC 


( 2 . 2 ) 


where the supersymmetry parameter ( satishes the parallel spinor condition 

VywC = 0. 


(2.3) 


If the action is invariant under the transformation (I2.2|l . we can derive the supersymmetry 
algebra from the supersymmetry transformation of the supercurrent [32] (see also [33]). 
From the Noether procedure we have the supercurrent with the parameter ( as 


.M 

k 




Tr 




(2.4) 


Its supersymmetry transformation with the parameter ^ is calculated as 


kjt" = 




Tr 


2*eF^Ce( F^'^Fmv - ^5^mF'^^Fvq + TtF^V}J^T + T^FaaV^)T 

\\i\ I ^ cT-N’VQ/- 








(2.5) 


where we have used the equation of motion for T. and are the totally 

antisymmetrized products of the Dirac matrices with the weights ^ and 4^, respectively. 
The supercharge Q is dehned by where is the temporal component 

of the supercurrent, and (kx is the spatial volume element. Since the left hand side of 
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fl2.5p can be rewritten as [i^Q, j^], the supersymmetry algebra is obtained by the spatial 
integration of the temporal component of fl2.5p as 


[fS, CQ] = 2fr"C Pm + Zmnpqr , 


( 2 , 6 ) 


where Pm = J d^xe^ m'T^N' is the ten-dimensional momentum. is the temporal 

component of the energy momentum tensor , which is given by 


q-M _ 
/ j\f — 




Tr 


--6^ 




• (2.7) 


The central charge Zmnpqr is dehned by 




MNPQR 


= / dxx 




Tr 


5! 


- STUVW^J p p 

£mnpqr ee s^tu^vw 


( 2 . 8 ) 


where is the totally antisymmetric tensor in ten dimensions and Fmn — g^m^nFmu- 

Now we introduce the fl-background. The fl-background metric in ten dimensions is de¬ 
hned by the hbration over the torus T®: 


ds^ = {dx^ + n^Jx^+y + (da;“+")", 


„a+4\2 


Qm _ ^mn ^mn _ _ ^nm 


(2.9) 


where x™' (m = 1, 2, 3,4) and (a = 1,..., 6) are the spacetime and the internal space 
coordinates. The antisymmetric matrices ^mna are parameterized as 


n 


mna 


/ 0 el 0 0 \ 

-4 0 0 0 

0 0 0 -e^ 

Vo 0 e^ 0 / 


( 2 . 10 ) 


where e^, e^ are real constant parameters. The matrices satisfy the following commutation 
relation, 




pnb 


— O P o 

^ ^pna 


= 0 . 


( 2 . 11 ) 


We now perform the dimensional reduction of the action fl2.ip with the f2-background 
metric (12.Op and the constant torsion, which has nonzero components only in the internal 
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part. We decompose the ten-dimensional gauge field as = (Am,^a)j where Am 
is the gauge field and are the scalar fields in four dimensions. The spinor field T 
is decomposed as T = (Aq,"^,A"a), where a, a = 1,2 and A = 1,...,4 are the four¬ 
dimensional S'0(4) spinor and SO(6)/ ~ S[/(4)j R-symmetry indices, respectively. Then 
the action of the four-dimensional A/" = 4 super Yang-Mills theory in the fl-background 
is [71 




1 



^ jAmn TP I ^ ^ zirab tt 

^mn 2^ ^ma ' ^ab 

+ A^a^DmAA - An] - ^(S^AnA^ 

- Afl-((Sb^^AA/l^AB + {f:a)ABA^DmA^) 

+ '-nmna{i^a)^^AAa^^AB + (ta) AsA^a^^ A^) 

+ ^{E,)^^AAAn{AafB - ^{f:a)ABA^{AafnA^' . 


ba,A^] 


( 2 . 12 ) 


Here Fmn = dm An - dnAm + i[Am, An] is the gauge field strength. Dm* = dm* +i[Am, *] 

_ 1 . 

is the gauge covariant derivative, g = gioVg ^ is the coupling constant in four dimensions, 
where Vq is the volume of the six-dimensional torus, a™ (d™'), Sq (£„) are the Dirac ma¬ 
trices in four and six dimensions, whose explicit forms are found in appendix!^ Gma-, Hab 
are defined by 


Gma A)m^a T 

Hab = iVPa, 'M - + ^ib'^mVa + Unn “ UsVt 


(2.13) 


The torsion is identified with the constant SU{4)i R-symmetry Wilson line gauge field 
by the following relation |^: 

T,b = - (S,Se)%(A)''A). (2.14) 

The four-dimensional supersymmetry transformation is obtained by the dimensional re- 
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duction of fl2.2p : 

6Am = - 

+ (S„,)^BC^Afa6, 

5A^ = a^^UF^n + t{f:a)AB&^C^G^a + {^ab) A^ CsH^b, 

= ^C^(SJ^bA^ - zCa(SJ^^Ab - f2™ad^A^ + n:^C^a^AA, (2.15) 

where Sa^, ^ab are the six-dimensional Lorentz generators defined in appendix A. The 
constant supersymmetry parameters ( = (Ca"^, C“a) satisfy the parallel spinor conditions 
in four dimensions: 

+ 2z{Aa)A^C% = 0, 

^mnaicT^JC^^ + 2t{Aa)^ sCa^ = 0. (2.16) 

In fl2.16p . the first terms represent the four-dimensional rotation of the spinor by the pa¬ 
rameter flmna- The second terms represent the six-dimensional rotation by the parameter 
(A)-’fl. It is convenient to introduce the topological twist to see the cancellation between 
the four- and six-dimensional rotations. The topological twists in A/" = 4 super Yang-Mills 
theory are classified into three types m- They are called the half twist 1211 , the Vafa- 
Witten twist [22] and the Marcus twist [23l [2l|. We note that supersymmetry requires 
the additional conditions for flmna and (v4,a)"^_B jl], where we find solutions of flmna and 
(Ala)"^B for which satisfy (I2.16p and a part of supercharges is conserved. 

Although a part of supersymmetry is preserved in each twisted theory, the four¬ 
dimensional translational symmetry is broken by the hl-background fl2.10p . In [7], we 
have shown that the supersymmetries are enhanced in the Nekrasov-Shatashvili (NS) 
limit —)■ 0 (or —)■ 0) [H], where the translational symmetry in a two-dimensional 
subspace is recovered. In the following subsections, we summarize the solutions to the 
conditions and the enhanced supersymmetries in the three types of the topological twists. 

2.2 Topological twist and supersymmetry in the NS limit 

The topological twist is defined by an embedding of the Lorentz group ^(^(d) ~ SU{2)l x 
SU{2)r into the subgroups of the S't/(4)/ R-symmetry group. We take the SU{2)l' x 
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SU{2)jir subgroup of S'f/(4)/, where the S'f/(4)/ index A = 1,2, 3,4 is decomposed into 
A' = 1,2 and A = 3,4. Here A' and A are indices for the two-dimensional representations 
of SU{2)ri and SU{2)l', respectively. 


Half twist In the half twist, S'f/(2)^ subgroup of the Lorentz group 50(4) is replaced 
by the diagonal subgroup of SU{2)ri x SU{2)r. Then the new Lorentz group becomes 
SU{2)l X [SU{2)r/ X 5f/(2)/j]diag, where the subscript “diag” stands for the diagonal 
subgroup. The spinor index a is identihed with the R-symmetry index A' in the half 
twist. We dehne the vector, the scalar and the anti-self-dual tensor supercharges Qm, Q, 

Qmn by 


Q — SaAQc 


Qmn is^m^A' Qc 


Qm 




pA'Qc 


(2.17) 


where QaA, QA are the supercharges associated with the supersymmetry transformation 
(I2.15p . The background Vtmna and {AQ^b such that Q and Q 12 are conserved [7] is 


/ 

0 

4 

0 

0 \ 



-fa 

0 

0 

0 

) {Aa^B 


0 

0 

0 


V 

0 

0 

e2 

a 

0 


(A 

) B 

= 0 , 


{a = 3, 

4,5,6), 




0 



(a = 1,2), 

(2.18) 


where rria {a = 1, 2) are real parameters. These parameters are identihed with the mass 
of the adjoint hypermultiplet in the M = 2* theory [H [6]. The theory has M = (0,2) 
supersymmetry for the background (12.181) . Here the notation M = (m, n) means that the 
theory has m chir^ n anti-chiral supercharges. 

In the NS limiio, two components of the vector supercharges Qs, are conserved in 
addition to the scalar and the tensor supercharges Q, Qi 2 - In the ordinary basis, the 
conserved supercharges in the NS limit correspond to (Qn, Q 22 ) in QaA and (Qi^, Q^) in 
QA- Therefore the supersymmetry is enhanced to M = (2, 2). 


^ In this paper, we usually consider the limit by 
(a;^,a:^)-plane is recovered. 


0, where the translational symmetry in the 











Vafa-Witten twist In the Vafa-Witten twist, the new Lorentz group is SU{2)l x 
[SU{2)l> X SU{2)n, x SU{2)rU^,. The spinor index a is identihed with the R-symmetry 
indices A' and A. We dehne the two scalars Q, Q, the two vectors Qm, Qm and the two 
anti-self-dual tensor supercharges Qmn: Qmn by 


Qm = -£°‘^{(Tm)l3A'Qa^\ Qm = (^-m) 


A 

' d ? 


Q = ^A^Qa , Q = S/^Qc 

Qmn (^mn)j4' Qa i Qmn 


(crmn)i"Qa^- 


(2.19) 


The background Vlmna and such that Q, Q 12 , Q and Q 12 are conserved is 


/ 0 el 0 0 \ 


^mna 


0 0 0 


0 0 0 -e^ 

Vo 0 e^ 0 / 

(a=l,2,5,6), 

^mna — {Aa) B = 0, (o = 3,4). 


, (A)^B = 






( 2 . 20 ) 


The theory has J\f = (0,4) supersymmetry for the background fl2.20p . In the NS limit, 
four vector supercharges Q 3 , Q 4 , Qs, Qa are conserved in addition to Q, Q, Q 12 , Qi 2 - In the 
ordinary basis, these conserved supercharges correspond to (Qn, Q 22 , Q 13 , Q 24 ) in QaA and 
(QiV Q 2 ^, Qi^, Q 2 ^) in Qa^. Therefore the supersymmetry is enhanced to Af = (4,4). 


Marcus twist In the Marcus twist, the new Lorentz group is [SU{2)li x S'f/(2)£,]diag x 
[SU{2)r' X 5'?7(2)ij]diag, where the spinor indices a and a are identihed with the R- 
symmetry indices A and A\ respectively. We dehne the two scalars Q, Q, the two vectors 
Qm, Qm and the two tensor supercharges Qmm Qmn by 


Q = S^qJ, 
Q = ^J'Q%', 


Qm = -£°'^{(Tm)[3A'Qa^\ 


Qm = -£“^(crm)MQa^, 




Qmn (^mn) aQ 

Qmn {,^mn)A' Qd 


( 2 . 21 ) 
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Topological twist 

Conserved supercharges QaA, Qa^ 

Half twist 

(Qii, Q22), (Qi^) Qi^) 

Vafa-Witten twist 

(Qii, Q22, Qi 3 , Q24) , (Qi ,Q2 )Qi )Q2 ) 

Marcus twist (-I-) 

Marcus twist (—) 

(Qll, Q22, Qi 4 , Q23) ; (Qi^) Q2^) Q2^) Qi^) 


Table 1: Conserved supercharges in the NS limit for topological twists. The signs (+) 
and (—) in the Marcus twist correspond to the choice of the sign of {Aa)^B ll2.22p . 


The background flmna and {Aa)^B such that the theory has M = (2, 2) supersymmetry is 


^mna 


/ 0 0 0 \ 

- 6 ^ 0 0 0 

0 0 0 -e^ 

Vo 0 0 / 

(a = 1,2), 

^mna — {Aa) B = 0, (o = 3, 4, 5, 6) 




If A _L g 

0 


( 2 . 22 ) 


For the background with the minus sign in the lower-right block in {Aa)^B, the conserved 
supercharges are Q, Q 12 , Q and Q 12 [Z]- If we choose the plus sign, Q 13 , Q 14 , Q and Q 12 
are conserved. But it can be shown that the theory dehned in the background fl2.22l) with 
the plus sign is the same as the one with the minus sign by suitable held redehnition. 

In the NS limit, for the minus sign in the lower-right block in {Aa)^B, four vector su¬ 
percharges Qi, Q 2 , Qi, Q 2 are conserved in addition to Q, Q, Qu, Qu- In the ordinary ba¬ 
sis, these supercharges correspond to (Qu, Q 22 , Q 14 , Q 23 ) in QaA and (Qi^, Q2^, Q2^, Qi^) 
in Qa^. The supersymmetry is enhanced to Af = (4,4). If we choose the plus sign, 
the conserved supercharges in the ordinary basis are (Qu, Q 225 Q 13 , Q 24 ) in QaA and 
(Qi V Q 2 ^, Qi^, Q 2 ^) in Qa^, which are the same as the case of the Vafa-Witten twist. 
Moreover in the NS limit, the background is obtained from fl2.2Up by setting = Cg = 0. 
Therefore the Marcus twist is regarded as the special case of the Vafa-Witten twist in the 
NS limit. 

The conserved supercharges in the NS limit are summarized in Tabled] 
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3 Central charges and BPS bounds in the NS limit 


We now study the supersymmetry algebra for hl-deformed W = 4 super Yang-Mills theory 
in the NS limit —)■ 0 such that the translational symmetry in the a;‘^)-plane is 
recovered. We also perform the inverse Wick rotation x'^ = ix^ and consider the theory 
in the spacetime with the Minkowski signature, which implies that the energy and the 
third component of the momentum are well-defined and conserved. In this section we will 
calculate the central charges of the algebras and the BPS bounds for the mass. 

We first discuss the dimensional reduction of the supersymmetry algebra fl2.6l) in the 
hl-background. The supersymmetry generator CQ in fen dimensions is expressed in terms 
of the four-dimensional spinors C) C Q nnd Q as 

CQ = C^QaA + Q^^CA. (3.1) 

The ten-dimensional momentum Pm {M = 0,1, 2, 3, 5,..., 10) is decomposed into the 
four-dimensional momentum {m = 0,1,2,3) and the six-dimensional momentum 
Pa +4 (a = 1,..., 6). The central charge Zmnpqr is decomposed into Za’h'dd’eA Zma'b'dd', 
Zmna'b'd and Zmnpa'b' (a^ ... , c' = 5,..., 10). Substituting the fl-background fl2.9p and 
the torsion fl2.14p into fl2.6l) . we obtain the supersymmetry algebra in four dimensions: 

[^<5 + Qii CQ + 

= 2 (ea™C + ^a^C)Pm + 2 (eS.C - ^^aOPa+4 " + ^^aC) 

— i{^a'''EabcdC + i^^'^abcdC)^i,abcd + 2(^(7*^SafecC + ^abcC) Zij^abc 

+ - ^a^^abC)Z.,k,ab, (3.2) 

where Zabcde = Z(^a+ 4 )-ie+ 4 ), Zi^abcd = ^i(a+ 4 )-(d+ 4 ), etc. The indices i,j,k = 1,2,3 denote 
the spatial components. The symbols and represent the totally antisymmetric 

tensors in six and three dimensions, respectively. The matrices T,aia 2 -anJ ^aia 2 ---a„ are the 
antisymmetrized products of the Dirac matrices dehned in appendix 

Now we calculate the central charges of the supersymmetry algebra fl3.2p . The six¬ 
dimensional momentum Pa +4 is obtained by the spatial integral of the energy-momentum 
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tensor fl2.7l) . After the dimensional rednction, we have 


a+4 


CO 

^ 1 

jpmO/^ 1 j^Ob TT 

^ ^ma “T ^ ^ab 

/ 



(3,3) 


Here the fermionic part is omitted since we are interested in the BPS conhguration, in 


which the fermions are set to be zero. This momentnm is interpreted as the electric charge 
[32]. Then we dehne the electric charge by = Pa+ 4 - 

The central charge Ztcdef is related to the magnetic charge. We dehne the magnetic 
charge by the Hodge dnal of Zbcdef'- 


Q, 


(m) ^ ^ I ^3^ 


5! 


1^9 




(3.4) 


The other charges Zi^abcd, Zij^abc and Zijk^ab correspond to the charges of the BPS vortices, 
the BPS domain-walls and the space-hlling BPS objects. In the next snbsections, we 
examine the f2-deformation of the central charges in 03.21) for each twist. 


3.1 Half twist 


In the case of the half twist with the NS limit —)■ 0, we have the conserved snpercharges 

Qn, Q 22 , Qi^ and . The snpersymmetry generator C^^QaA + Qo/^C^a becomes 

+ C^^Q22 + + Q^C^2- (3-5) 


Let us examine the right hand side in the supersymmetry algebra 03.2p . For the energy 

and the momentum, only and P^ contribute to the algebra. This is consistent with 

the recovery of the translational invariance for x^- and a:^-directions under the NS limit. 

For the electric charge 03.3p and the magnetic charge 03.41) . in the present representation 

of the Dirac matrices, the ones with indices a = 1, 2 only contribute. These charges can 

be rewritten using the equations of motion and the Bianchi identity as 

2 

Di[F^°ipa) +'^el{xiD2 - X2Di)[{Doipb - elxiF2o + elx2Fio)ipa} 

b=l 

+ ^(4 + 2ma){(p3Doipi - (piDoips) - - 2ma){(p5Doipe - (peDoip^) 


q^) = / Tr 

J f^g 


+ 2 ~ X 27 ^ 1) , 


(3.6) 


Q, 


(™) = f £x AjTr 

J 




(a = 1,2), 


(3.7) 
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where T”*n is the bosonic part of the four-dimensional energy momentum tensor: 


= —Tr 


+ G^^Gna - ^S^JpP'^F^a + 2G^^Gr,a + 


pq 


^ pa 


* ab 


(3,8) 


The hrst term in the right hand side of fl3.6l) is the electric charge density of the unde¬ 
formed theory. The remaining terms in the first line take the form of total derivatives and 
give the deformation of the electric charge. The second line is the R-charge density. The 
third line is the angular momentum density in the {x^, a;^)-plane. Setting 933 , ...,<^36 = 0 
in fl3.6p and imposing 932 = 0 and = 0, one can reproduces the electric charge of the 
ri-deformed M = 2 theory [12]. The magnetic charge in fl3.7p is not deformed. 

For the vortex charge Zi^abcd, it is convenient to consider its Hodge dual, which is given 
by 




ijab 




FijHab — GiaGjb + GiaG 


ia^jb 


^ ja^ib 


From the spinorial structure of the conserved supercharges, the components Vi 2 i 2 -, 
and Fi 256 can contribute to the algebra (13.2p . These are computed as 


(3.9) 

R 1234 


^ijab 



'i'Fij\g^ay g^b\ Di'^aDj'^b T Dj^aDi^b 
- 3n^F[yT)fc]936 ?,VtlF^ijDk]g:>a 

+ ^a^bi^ij^kl — FikFji + FiiFjk) , 


(3.10) 


where we introduced the notation of antisymmetrization of indices with the nor¬ 

malization 1/n!. The hrst line in the right hand side in fl3.10p becomes the total derivative. 
The corresponding surface term depends on the values of the held conhguration at inhn- 
ity, which satishes the vacuum condition F^n = Gma = Hab = 0. In particular the values 
{ipa) of the scalar helds at inhnity satisfy the equation 


’-[{fn), (»’!>)] - T^'‘{'fc) = 0, 


(3.11) 


Here the torsion Tab^ is written in terms of the deformation parameters and is given in 
appendix [B] In the case of the half twist, ((^ 1 ) and ((^ 2 ) can be nonzero, which commute 
with each other, while (</ 24 ), {p>b) and {ip^) are zero. Using this vacuum conhguration 
we hnd that the surface term from the hrst line in 03.101) vanishes. The second and the 


13 

















third lines vanish also in the NS limit. Therefore Vijab does not contribnte to the algebra 
fl3.2p . In a similar way, we can show that neither Zij^abc nor Zijk^ab contribntes to the 
algebra. This implies that under the vacuum boundary condition the BPS vortices, the 
BPS domain walls and the space-filling BPS objects do not exist in this theory. This is 
similar to the case of the undeformed M = 2* and A/" = 4 theories. For fl-deformed M = 2 
super Yang-Mills theory, see [15]. We finally obtain the supersymmetry algebra 

{Qn, Qi'} = 2(P° + P'), {g 22 , Q 2 '} = 2(P° - P'), 

{Qii, ^ 22 } = 2Z, = 2Z, (3.12) 

and the other (anti-)commutators vanish. Here the central charge Z is given by 

Z = (P’+i4”')+i(P+»P). (3.13) 

From (I3.12P the BPS bound for the mass M becomes 

M > izi = +(4”'+ 

The supercharges preserved by the BPS states are given by 

gi'-e-''g22 . 

Here 0 is the argument of Z and satisfies 

(e) I (m) 

. n Q2 

tan0 = —-rw- 

(e) (m) 

Tl -^2 

Since two supercharges out of four are preserved, these states are the 1/2 BPS states. 

3.2 Vafa-Witten and Marcus twists 

In the case of the Vafa-Witten and the Marcus twists with the NS limit, we have the 
conserved supercharges gn, g 22 , gis, g 24 , gi^ <52^, Qi^ and g^^. The supersymmetry 
generator C^^QaA + is 

c^^gii + c^^g22 + c^^gi3 + c^"^g24 + gi^c^i + q ^ c ^2 + gi^c^s + g2"^c^4- 


(3.14) 

(3.15) 
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From the vacuum conditions given in appendix [HI we can show that the supersymmetry 
algebra fl3.2p does not contain the central charge for the BPS vortices, the BPS domain 
walls and the space-hlling BPS objects, as in the case of the half twist. The supersymmetry 
algebra reads 


{On, <5i‘} = {0i3, Oi’} = 2(P» + P’). 

{Qii, Q 22 } = 2i(q'i + iq 2 ), 
{Qi3) Q 22 } = 2 i(g 5 + iq^), 
{Qi 3 ) Q24} = 2 f (gi — 2^2)5 
{Qii,Q 24} = -2i((?5 - m), 


{Q22,Q2^} = {Q24,Q2n = 2(P°-P"), 

{Qi\Q2^} = -2^(gi -iq2), 

{0i^Q2^} = -2i(g5 -m), 

{Qi^ Q2^} = -2^(gi + m), 

= 2i(g5 + *%), 

(3.18) 


where qa (a = 1, 2, 5, 6) are the complexihed electric-magnetic charges dehned by 


a = 

Ha Ha ^Ha 


(3.19) 


Here the electric charges q^'* in (13.31) and the magnetic charges in (13.41) become 


d^x 


:Tr 


1^9 


Di{F^^ipa) + ^ el{xiD2-X2Di){{Doipb-elxiF2o +elx2Fio)ipa} 

fe=l,2,5,6 


+ ^a(9^3-Do9^4 — + XiT^ 2 — X2T^i) 


Q, 


(-) = / d^x —Tr 

J 1 ^ 9 ^ 




(a = 1,2, 5, 6). 


(3.20) 

(3.21) 


From fl3.18p the BPS bound is given by 


M > y^|g(e)|2 4 - |gM |2 ± 2|gF) | |gM | sinCK, 


(3.22) 


where and |g^”^^| are the lengths of the vectors g^®^ = {q^f^, q^\ q^\ q^'^) and g*^™^ = 
(?i™\ q^\ qt^\ respectively, a is the angle between the vectors g^®^ and q^'^\ The 

bound (I3.22P has the same form as the undeformed theory [32l [M] except that the charges 
with the indices a = 3,4 do not contribute. This is because those charges vanish due to 
the vacuum conditions. The number of supercharges preserved by the BPS states depends 
on whether sin a is zero or nonzero. 
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In the case of sin a = 0, the supercharges preserved by the BPS states are 


Qii - viQ^^ + Qi3 - (3.23) 

and their complex conjugates from the algebras fl3.18p . Here the coefficients Vi [i = 
1,..., 4) are dehned by 

i{qi+iq2) i{q5 - iqe) 


Vi = 


V3 = 


^|gM|2 |g(e)|2’ 

i{q5 + m) 


V2 = 


V4 = 


\/|g(™)|2 + |gh)|2’ 

Kqi - m) 


(3.24) 


^|gM|2 |g(e)|2’ y/|g(m)|2 |g(e)|2 

Since four supercharges out of eight are preserved, these states are the 1/2 BPS states 
For nonzero sin a, the supercharges preserved by the BPS states are 


U^lQll + '?^2Qi3 + + 'IC 4 Q 


2 ! 


(3.25) 


and its complex conjugate. Here the coefficients Wi (z = 1,..., 4) are dehned by 


/ Wl \ 


( ^ ^ 

W2 

1 

B 

W 3 

“ |A|2 + |H|2 + |C'|2 + |Z1|2 

C 

\W4 J 


\D ) 


where 


(3.26) 


^ = ^[{qi - iq2){qb + iq&) - (gs + iq&){qi - ^^ 2 )], 

B = ~{qiq 2 - g 2 <?i - 95% + qe^) =F sina, 

^ ^ , (gi + zg2)^+(g5 + ^g6)^ 

(|g(e)|2 |qr(m)|2 ^ 2|gF)||g(™)| sina)^'^^ 

^ ^ , (g5 - ^^6)41 - (gi - iq2)B 

(|g(e)|2 _|_ |g(m)|2 21gF)11gl™)| sina)^'^^ 


(3.27) 


Since two supercharges out of eight are preserved, these states are the 1/4 BPS states. 
Note that |g(®^||g^”^)| sin a is written in terms of the complexihed charges fl3.19p as 

|g(^f I g(”^f singer = i \qaqh-qhqa?. (3.28) 

° a,fe=l,2,5,6 


The limit a —)• 0 is equivalent to Ig^gb — g^gal —?• 0 for any a, b. Although A, H, C and D 
become zero in this limit, we can take the limit a —)■ 0 keeping either w^^i/wi or 103 ^ 4/102 
hxed. We then obtain the parameters Vi for the 1/2 BPS states. 
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4 Q-deformed BPS equations 


In this section we study the BPS equations deformed in the ^-background in the NS limit. 
These equations can be obtained by setting the supersymmetry transformations (I2.15p of 
the fermions to be zero. In the undeformed theory, we have the BPS equations for the 1/2 
BPS dyons and the 1/4 BPS dyons [SU [35]. The 1/2 BPS dyon solutions are preserved 
by the supersymmetry transformations with the parameters satisfying the conditions 


/- A' _ _„-i9£ /-a /- A _ _„-i6£ 

4a ^ Octa^ 4 B'1 4o 6 Oaa^ 4 


B- 


(4.1) 


Here we decompose the R-symmetry index A into A' = 1,2 and A = 3,4. 0 is a real 
parameter. Substituting fl4.1l) to the vanishing condition for the supersymmetry trans¬ 
formations fl2.15l) of the fermions without the deformation, we obtain the 1/2 BPS dyon 
equations: 


Ei + sin ODi^pi = 0 , 

Bi -|- cos ODicpi = 0 , 

Doipi = 0 , 

0 , (c 2 ,..., 6 ), 

[42a,45b] = 0, (a ,6 = 1,... , 6 ). (4.2) 

Here the electric held Ei and the magnetic held are introduced by Ei = Eqi, B^ = 
\eijkEjk. The 1/4 BPS dyons are preserved by the supersymmetry with the parameters 
satisfying 

Ca^' = (J = Ca = 0- (4-3) 

In a similar way we obtain the 1/4 BPS dyon equations. The parameter 6 disappears in 
the BPS equations by dehning 

01 = (pi cos 6 *-(-(p 2 sin 6 *, 02 = — 4^1 sin 6 *-t-(p 2 cos^. (4.4) 
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The 1/4 BPS dyon equations become 

Ei - Di(j)2 = 0, 

Bi + Di(j)i = 0, 


L>O01 - *[01,02] = 0, 

-Do02 = 0, 

Di^Pa 0 , 

DoPa + *[02,¥^a] = 0, 

[0i,‘^a] = O, (a = 3,4, 5, 6), 

bs, Pe] - [P4, P^] = ba, P^] + b4, P&] = bs, Pi] - bs, P&] = 0. (4.5) 

Note that the 1/2 BPS equations are consistent with the equations of motion. But for 
the 1/4 BPS equations, we have to impose the Gauss’ law constraints: 

6 

DiEi + i ^ba, Dopa] = 0, (4.6) 

a=l 

so that they are consistent with the equations of motion |30] . 

4.1 1/2 BPS equations for the half twist 

First we consider the 1/2 BPS dyon equations in the theory with the half twist. The 
BPS states in this theory preserve the supercharges (13.151) . which are parametrized by 
satisfying 

(4.7) 

Requiring the supersymmetry transformation fl2.15p of the fermions hA and hA to be zero 
for fl4.7p . we obtain the 1/2 BPS dyon equations. As in the undeformed theory, it is 
convenient to remove the explicit ^-dependence from the BPS equations. In addition to 
fl4.4p we dehne 

el = cos 9 e\+ smO e\ = — sin 0 e} -|- cos 9 


pi = cos 9mi + sin 9 m 2 , 

(ur = cos0Gr + sin0Gr, 
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/i 2 = — sin 9mi + cos 9 m 2 , 

=-sin0Gr + cos0Gr- (4.8) 








The 1/2 BPS dyon equations become 


Ei — (-Di02 + Fmi) — 0, 

Bi + (A01 + uj^Emi) - ih,i (bs, H - bs, ^&]) = 0, 

Do01 + - *bl, 02] + OJ^Ernh - = 0, 

-Do02 + EmO = 0, 

(L>1 + ills)(953 -*‘^4) = 0, 

(Hi + iD2){(p5 + i</36) = 0, 

Dsifa + (^[01, y5/(a)] + iUjTDm^f(a) “ (“ 1)-^^“^ ^ = 0, 

Do(pa + i[02, - U^D^ipa + (“ 1)^(4 + (-1)^^“V2)V5/(a) =0, (o = 3, 4, 5, 6), 

ba, - b4, ¥^ 5 ] = ba, V^s] + b4, = 0, (4.9) 

where /(a) = a — (—1)“ and g{a) = [a/5] (a = 3,4, 5, 6). Here b] denotes Gauss’ symbol. 
Their values are given by 

/(3) = 4, /(4) = 3, /(5)=6, /(6 ) = 5, 

g{3) = 0, g{4) = 0, g{5) = l, g{6) = l. (4.10) 

We note that the supersymmetry condition fl4.7p is included in that of f|4.3|) . So we 
compare the 1/2 BPS dyon equations (14. 9 p with the undeformed 1/4 BPS dyon equations 
fl4.5p rather than the 1/2 BPS dyon equations fl4.2l) . The equations for the electric and 
the magnetic helds are deformed. For the scalar helds, the equations with the derivative 
along the zeroth and the third directions are also deformed. The equations for the scalar 
helds ips, ... ,ipQ with the derivative along the x^- and x^-directions are the holomorphic 
form. On the other hand the equations of the antiholomorphic part do not appear because 
the corresponding supersymmetry is broken by the O-deformation. These holomorphic 
equations are the vortex-like equations. Note that we have to impose the Gauss’ law 
constraints in the NS limit; 

DiEi — fD"^[D.rna{DoP>a + G^Hpo)] — ^ba) D^Lfa + ^a-^po]'j + * ^^ba) -^OT’a] = 0, 

a=l,2 k / a=3 

(4.11) 
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so that the BPS equations are consistent with the equations of motion, as in the case of 
the 1/4 BPS equations of the undeformed theory. 


4.2 1/2 BPS equations for the Vafa-Witten and the Marcus 

twists 

We next consider the 1/2 BPS dyon equations in the theory with the Vafa-Witten and 
the Marcus twists. The BPS states preserve the supercharges fl3.23l) . The parameters ( 
and / of the supersymmetry transformation fl3.17l) satisfy the conditions 

^22 ^ ^ ^24 ^ ^ 

and their complex conjugates. As in the case of the half twist, we have the 1/2 BPS dyon 
equations. But in order to obtain the BPS equations which have the nontrivial electric 
and magnetic helds, we need to impose the following conditions for u/s: 

(t^iW2W3W4) = (vi,0,0, ±ui), or (0,U2,±U2,0). (4.13) 


These four cases are equivalent up to the held redehnition by the R-symmetry transfor¬ 
mation. We consider the case Vi = and V 2 = = 0, where q 2 = % = % = 0. Since we 

have |ui| = 1 from (I3.24p . we can introduce the angle 9 by 



= e 


ie 


In this case, the preserved supercharges are given by 


(4.14) 


Qii - Qi3 - 


(4.15) 


and their complex conjugates. These are included in the supercharges preserved by the 
undeformed 1/2 BPS equations. The deformed 1/2 BPS dyon equations in the Vafa- 
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Witten twist are 


Ei + {Ditpi + Vt^Fmi) sin0 — 0, 

Bi + [Diipi + cos 9 - ^4] = 0, 

Dq^Pi + FmO = 0 , 

Dm(Pa + ^aFnm = 0, (a = 2,5,6), 

{Di + iD2){(p3 - i(p4) = 0, 

D 3 ipb + i{-l)F^^(^[(p^^(pf^f,-j] elifb'j cos9 = 0, 

Doifb + i{^p>i,p>b] + i^'^D,nP>b + sin^ = 0, {h = 3,4), 

Hcd = Q, (l<c<d<6 , (c,rf)^(l,3),(l,4),(3,4)), (4.16) 

where the function /(a) is given by fl4.10p . Comparing the deformed 1/2 BPS equations 
fl4.16p with the undeformed 1/2 BPS equation fl4.2|] . we hnd that the equations for the 
electric and the magnetic fields are deformed only by the deformation parameter e}. The 
other deformation parameters appear in the equations for the scalar fields. For the scalar 
helds <p 3 , <p 4 the equations along the x^- and x^-directions are the holomorphic forms, 
but the equations for the scalar fields ip^ are not holomorphic. Note that fl4.16l) is 
consistent with the equations of motion without imposing the Gauss’ law constraints. 

4.3 1/4 BPS equations for the Vafa-Witten and the Marcus 

twists 

We hnally consider the deformed 1/4 BPS dyon equations in the theory with the Vafa- 
Witten and the Marcus twists. The BPS states preserve the supercharges fl3.25l) . The 
parameters (/, ( of the supersymmetry transformations fl3.17p for the BPS states are 
expressed by introducing parameters rj and fj as 

C^^ = wir], = = = (4.17) 

and their complex conjugates. 

Substituting fl4.17p into the conditions 5A = 0 and = 0, we have the BPS equations. 
In order to obtain the BPS equations which have the nontrivial electric and magnetic helds, 
we must take the limit Wi,W 3 —)■ 0, Wi,W 4 —)■ 0, 102,103 —)■ 0, or W 2 ,W 4 —)■ 0. These four 
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limits are shown to be equivalent to each other by the held redehnition. Let us consider 
the limit 102,104 0. More precisely we need to take the limit 11 ) 2,104 —)■ 0 such that 


Wi Wi Wi 

are satished. Here the angle parameter 6 is given by 

^id ^ + m) 

I<?1 + *<?2| ’ 

This can be done by the limit q 5 ,qG —)■ 0 with hxed q^/q^, qi and ^ 2 - The preserved 
supercharges now have the same form as fl3.15p . The deformed 1/4 BPS dyon equations 


(4,18) 


(4.19) 


are 


Ei — {Di(j)2 + cn™ Fmi) = 0, 

Bi + {Di(f)i + ui'^Fmi) — ([933, 934] ~ [ 9 ^ 5 ) y’e] ~ = 0 , 

T*O01 + EmO ~ 02] + Dm(p2 ~ -0^01 = 0, 

T*O02 + Oj'!^ EjnO = 0, 

{Di + iD2){(p3 - i(p4) = 0 , 

Ds^Pa + ([01, (p/(a)] + iu'^D^ipfl^a) “ = 0, 

DoLfa + i[02, </3a] “ + (-=0, (o = 3, 4), 

(Hi + iH2)((p5 + iipe) + + *^er)(T’mi + *Thi2) = 0, 

Dsifb + ([0^, + iu'^D^ipf^p) - zH/(b)H^02j = 0, 

D^ipb + ^'h EmO + *[02, ~ Dm'Pb + ^'b T*m02 = 0 , (6 = 5, 6), 

[(p^, 9 ? 6 ] - [</ 34 , (^ 95 ] - + i^V^D^ip4 - iel(p3 - iel(p4 = 0 , 

[</33, </35] + [(P4, p)&] - iH™Hm</93 - “ *e5</^4 = 0, (4.20) 

where 0^, cn™ and (a = 1,2) are given by 04.81) . and the functions /(a) and g{a) are 
given by O4.10p . The equations 04.201) are the H-deformation of the undeformed 1/4 BPS 
equation 04.51) . They become the same as in the half twist 04.Op when Cg = Cg = 0 and 
Ha = ^a/2 (a = 1, 2) [in]. We have to impose the Gauss’ law constraint in the NS limit: 

DiEi — (D'^^rna{DQp>a + G^Hpo)] — *[(Pa, + ^aTpoj'j + * [pa, -Dg^^a] = 0, 

(4.21) 

for the consistency with the equations of motion. 
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4.4 BPS equations from Bogomol’nyi completion 


We can derive the deformed BPS equations fl4.9p . fl4.16p and fl4.20p from the Bogomol’nyi 
completion of the energy E = P^, which is given by 


E = 


1 


d^x Tr 


2^i + 2^i + 2^0a + 2^1a 




(4.22) 


Here the fermionic part is omitted. We will study the completion of the energy for each 
BPS equation. 


1/2 BPS equations in the half twist We hrst perform the Bogomol’nyi completion 
of the energy in the half twist and will derive the 1/2 BPS equations fl4.9p . We hnd that 
the energy fl4.22p is rewritten as the sum of the complete squared forms, the magnetic 
charges and the deformed electric charges: 


E= d^x 


rTr 


Kg^ 


77 {Ei — {Di(p2 + ^iEji)} + 77 {Bi + + ui(Eji) 


<^3i(ll34 — Use)} 


+ - {Do(pi + ^(Ejo — hu) + - (llo02 + ^iEjo) 

1111 
+ 2 ^D 3 ^P 3 + huY + -(113994 — hisY + 2 ^E 3 ^P 5 — hiof' + -(II3996 + ^15)^ 

+ 2 (Ho^^a + h 2 a)^ + -(Use — 1145 )^ + 2 (-^35 + 1146)^ 

^ a=3,4,5,6 


— sin6' + {q^^ — cos6'. 

Here we dehne 


(4.23) 


hla = HiaCOS^ + ll 2 aSin 6 ', /l 2 a =-Hia sin 6 ^ + ll 2 a cos 0. (4.24) 

Then the energy is bounded from below as 

E > —{q^i^ + q^^^) sin^ + {q^^ — g|”*^) cos 6 *. (4.25) 

In order that this inequality holds for any 9, the energy must satisfy the following in¬ 
equality: 

E > + qfP + (9?* - 9!"‘P. (4.26) 
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The inequality is saturated when each squared form in fl4.23l) vanishes and 6 is given by 
fl3.16p . When the equality holds, we obtain the 1/2 BPS equations fl4.9p . The energy 
bound (I4.26P is given by the absolute value of the central charge (I3.14p . 


1/2 BPS equations in the Vafa-Witten and the Marcus twists We will derive 
the 1/2 BPS equations fl4.16p in the Vafa-Witten and Marcus twists from the Bogomol’nyi 
completion of the energy. We hnd that the energy f|4.22|) is rewritten as 


E = 


(TX —rTr 

f^g 


{Ei + {Di(pi + ^{Eji) sin^}" 


+ 2 + il{Eji) cos6* — 


1 + aiFj.f +1 5; + aiF 


'''^cos^ 6 


jm) 


i=l,2 

a=2,5,6 


m=0,3 

a=2,5,6 


^ X] {{DQ(pa + ^iFjQ)sUie - HiaY 


a=2,5,6 


+ ^ i(-D3</3a + sin 0 -|- + -1 (-Dl -|- f II 2 ) ~ *¥^ 4 ) / 


a=2,5,6 


+ 9 + (-l)^^“^Tri,/(a) COS&f + “ TflaSiu^)^} 


a=3,4 


2 (-^23 + -^24 + -^35 + -^36 + -^45 + -^40) 


(e) . n VIII I n 

— ql sint^ — qi cosu, 


(m) 


(4.27) 


where 6^ is a phase factor and (a, 6, c = 2, 5, 6) is the totally antisymmetric tensor 
with = 1. /(a) is given by (14.101) . Maximizing the energy bound with respect to 6, 
we obtain the inequality 

E > (4.28) 


The inequality is saturated when each squared form in fl4.27|) vanishes and 6 satishes 
tan0 = qY/g^\ which is the same as (I4.14p . The condition that each squared form 
vanishes gives the 1/2 BPS equations 04.161) . The energy bound 04.28P is given by the 
BPS bound of 03.221) for = qY'^ = 0 (a = 2, 5, 6), which corresponds to the condition 
such that the supercharges 04.15|) are preserved. 
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1/4 BPS equations in the Vafa-Witten and the Marcus twists We next discuss 
the 1/4 BPS equations fl4.2Up from the Bogomol’nyi completion. We hnd that the energy 
(I4.22P is rewritten as 


E = 



{i?j — {Di(j)2 + u^Eji)'^ + - + {Di(j)i + uj{Fji) 


S3i{H34 — hfse)} 


+ 2 {-^001 + ~ ^ 12 } + 2 (-^002 + 

+ + -{D3IP4 — 

+ ^|(Di - iD2){(p5 - + {Fji - iFj2){^i - 

+ 2 ^F> 3 ip 5 + ^{Fj^ — hiof + -( 113(^6 + ^iFjs + hi^Y 

+ 2 {F)Qipa + h2a)^ + - {Doipa + ^{Fjo + h2a)^ 
a=3,4 a=5,6 

+ 2 ^-^36 ~ -^^ 45 )^ + 2^^^^ -^46)^ 

— + ^ 2 "^^) sin6' + — gj™^) cos^. (4.29) 


Then the energy is bounded from below as 

E > + 9 hP + ( 9 ?' - itY ( 4 . 30 ) 

The inequality is saturated when 6 is given by (I4.19p and the complete squared forms 
in fl4.29p vanish. The latter condition gives the 1/4 BPS equations fl4.20p . The energy 
bound fl4.30p is given by the BPS bound fl3.22p with gi™^ = = 0 (a = 5, 6). 


5 Conclusion 

In this paper, we studied the central charge of the supersymmetry algebra and the de¬ 
formed BPS dyon equations in the NS limit of four-dimensional A/" = 4 super Yang-Mills 
theory in the 12-background. We took the NS limit such that the Poincare symmetry in the 
(x°, a;^)-subspace is recovered and the energy and the momentum along the x^-direction 
of the theory are conserved. 
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The supersymmetry transformation of the supercurrent in the general ten-dimensional 
curved space provides the central charges of the supersymmetry algebra. By the dimen¬ 
sional reduction to four dimensions, we obtained the central charge of the TV = 4 super 
Yang-Mills theory in the hl-background associated with the topological twists of A/" = 4 
supersymmetry. The central charge is given by the electric and the magnetic charges. As 
in the Af = 2 case, the magnetic charge formula is not deformed by the hl-background, 
while the electric charge formula is deformed. We obtained the BPS bound for the mass 
from the supersymmetry algebras. By the condition that the preserved supersymmetry 
transformation of the fermions vanish, we obtained the BPS equations for dyons. We 
found 1/2 BPS dyon equations for the half, the Vafa-Witten and the Marcus twists and 
1/4 BPS dyon equations in the Vafa-Witten and the Marcus twists. These equations have 
been also derived from the Bogomol’nyi completion of the fl-deformed energy. 

It is an interesting problem to study the solutions of the deformed BPS equations 
and the deformed BPS spectrum. Since the hl-background in the NS limit breaks the 
Poincare symmetry in (x^, x^)-subspace, the BPS equations for dyons do not allow three- 
dimensional spherically symmetric solutions. It rather admits an axially symmetric solu¬ 
tions. For the Af = 2 super Yang-Mills theory in the fl-background, the BPS monopole 
equations and their axially symmetric solutions with unit charge have been found [T6] . 
Since the present BPS equations reduce to the Af = 2 ones by the projection, we expect 
that for the Af = 4 theory the equations have similar type of solutions. It would be 
interesting to study the Nahm construction of the monopoles [36] for the construction of 
the solutions with higher charges and their moduli space. It is also interesting to study 
S-duality [HI [371 ES EH] of the hl-deformed Af = 4 theory as well as the relation to the 
integrable systems US] Ellis]. 
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A Four- and six-dimensional Dirac matrices 


In this appendix, we provide the decomposition of the ten-dimensional Dirac matrices 
by the dimensional reduction to four dimensions and introduce the four and the six¬ 
dimensional Dirac matrices. The local Lorentz group S'O(IO) is reduced to S'0(4) x 
SO{6)j, where S'0(4) ~ SU{2)l x SU{2)r is the Lorentz group in four dimensions and 
SO{Q)i ~ SU{A)j becomes the R-symmetry group. We decomposed the ten-dimensional 
vector index M as M = (m, a + 4), {m = 1,..., 4, a = 1,..., 6). Here m, a are the 
indices for four-dimensional spacetime and the six-dimensional internal space. The ten¬ 
dimensional Dirac matrices are decomposed as 



(A.l) 

where (SJ AB are the four- and the six-dimensional Dirac ma¬ 

trices defined below. The indices a, a = 1,2 are the SU{2)l and SU{2)r spinor indices, 
respectively. These indices are raised and lowered by the antisymmetric e-symbol nor¬ 
malized as = —ei 2 = 1. A = 1,2, 3,4 is the index for the fundamental representation 

of SU{A)i. 

The four-dimensional Dirac matrices ((7^)ad and with the Euclidean signature 

are a'" = (ir^, I 2 ), ex'" = (——ir^, —I 2 ), (m,n = 1,2, 3,4). The four¬ 

dimensional Dirac matrices in the Minkowski signature are = (— 12 ,r^,r^,r^), d™' = 
(— 12 , ——r^, —r^), (m, n = 0,1, 2, 3). Here denotes the n x n identity matrix and 
r* (i = 1, 2, 3) are the Pauli matrices. The four-dimensional Lorentz generators are defined 
by a™” = 

The six-dimensional Dirac matrices and (fla)AB are defined by 
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(A.2) 


= 


0 il2 
-iU 0 


S, = 


0 

-T^ 0 


Sfi = 


0 r 2 
r 2 0 


The Lorentz generators CEabjB and {'Eab)A^ are defined by 


Safe — ^(SaSf, — SfoSa), S^fe — —(S^Sfo — SfeS^). 


(A.3) 


We also define the antisymmetrized products of the six-dimensional Dirac matrices 

i^^abc)AB•) (^abcc/) B and {^abcd)A hy 


^abc ^abc 


^abcd ^[a^b^c^d]'} 


^abcd ^[a^b^c^d]'} 


(A.4) 


where the square bracket denotes the antisymmetrization defined in subsection 13.11 


B Vacuum conditions 

In this appendix, we study the vacuum structure of the A/" = 4 super Yang-Mills theory 
in the hl-background. This is necessary to determine the surface terms in the integral of 
the central charges. The vacua of the theory are defined by the conditions Fmn = Gma = 
Hab = 0. From the conditions Fmn = 0 and Dm^a = 0, the gauge field Am vanishes and 
the scalar fields tpa take the constant values {tpa) up to gauge transformation. The values 
of the scalar fields are determined by the condition Hab = 0 which reads 

*[(</ 5 a), (</ 3 fe)] - Tab''{(Pc) = 0. (B.l) 

We solve the vacuum condition fIB.ll) for the hl-backgrounds associated with the topolog¬ 
ical twists. 


Half twist In the case of the half twist, the non-zero components of are 
Ti3^ = —Ti 4 ^ = -(ej + + 2mi), T15® = —Tig^ = ~ 2mi), 

T23^ = -T 2 / = '-{el + + 2m2), T 25 ® = -T2<,^ = -^(el + el - 2m2). (B.2) 

From the vacuum condition (IB.ip with the torsion flB.2H . we find that (cpa) (u = 1,2) 
belong to the Cartan subalgebra of the Lie algebra of the gauge group and ((fa) = 0 (a = 
3,..., 6 ). The vacuum solution does not change in the NS limit. 
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Vafa-Witten twist In the case of the Vafa-Witten twist, the non-zero components of 
Tab'' are 

Ti3^ = -T,/ = ^(6} + 6?), = -T24^ = ^(4 + 4), 

^53^ = -T,/ = '-{el + el), T63^ = -T64^ = ^(4 + 4)- (B.3) 

From the vacuum condition fIB.lD with the torsion flB.Sp . {(fa) {a = 1,2, 5, 6) belong to 

the Cartan subalgebra and (ipa) = 0 (a = 3,4). The vacuum solution does not change in 
the NS limit. 

Marcus twist In the case of the Marcus twist, the non-zero components of Tab" are 

rp i _ rji 3 _ rji e _ rji 5 _ ^^2 

-^13 — —J-li ~ 2 ^ 1 ^ ^15 — —-Lie 

T23^ = -T24^ = '-el, T23^ = -T 2 e^ = -'-el (B.4) 

From the vacuum condition (IB. ID and the torsion flB.4p . (ipa) (a = 1,2) belong to the 

Cartan subalgebra and {(pa) = 0 (a = 3,..., 6). We note that in the NS limit —)■ 0, 

((^s) and {ips) also belong to the Cartan subalgebra. This NS limit corresponds to the 
special case of the Vafa-Witten twist. 
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